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An Analytical and Experimental Study of Impulsive Stress of
Square Plates at an Impact Loading Point by the 3-Dimensional
Dynamic Theory of Elasticity

Kwang-Hee Im,* Kim Sun-Kyu** and In-Young Yang***
(Received January 3, 1994)

In this paper, a new method is proposed to analyze impulsive stresses at an impact loading
point, which cannot be solved by the classical plate theory. Particularly, impulsive stresses at an
impact loading point under any impact conditions(regardless of mass of impactor, velocity of
impactor, stiffness of plate, etc.), can be obtained by the three-dimensional dynamic theory of
elasticity and potential theory of displacement.

In addition, by using the Hertzian contact theory, impact loading can be analyzed to account
for the local deformation, and this load is applied to the impulsive stress analysis by approxima-
ting the impact loading to an analyzable function. In the numerical analysis, the fast Fourier
transform(FFT) algorithm and the numerical inverse Laplace transformation are utilized.

Using a new equation, it was possible to analyze impulsive stresses at an impact loading point,

and good agreement between the experimental and theoretical results was established.
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1. Introduction

When a machine or structual component is
subjected to impact loading, unexpected dynamic
behavior occurs under the static loading, causing
unexpected failure and deformation of materials
because of stress wave effects.

To prove the dynamic phenomena generating
in the materials, research activities have recently
been made on impact problems(Wang and Yew,
1989 ; Holian, 1990) of plates by high-speed
shooting of the impactor, and on the impact
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problems of structual members(Kishimoto, Aoki
and Sakata, 1980).

Clearly, impact strength must be analyzed on
impact problems of plates, which are widely used
for the structual plate members, and displacement
can possibly be analyzed at a point of concen-
trated impact loading by classical plate theory
using the analyses of impulsive responses on
plates ; but currently, impulsive stresses could not
be analyzed because of failure of convergence of
Solutions at the point of concentrated impact
loading(Timoshenko and Winowsky, 1959 ; Ugur-
al, 1981).

Recently, to analyze impulsive stresses at the
concentrated impact loading point, Ujiha-
shi(1983) analyzed the impulsive stresses by using
the high-order approximate theory, but there is a
difference between analytical and experimental
results. Also, Ujihashi, etc.(Ujihashi, Adachi,
Inoue and Matsumoto, 1986) and Yang(1988)
analyzed implusive stresses at a concentrated
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impact loading point by the three-dimensional
dynamic theory of elasticty, only in the case of
light impactor, relatively high collision velocity
and thick plate. Especially, solutions of these
analytical results are overestimated for practical
phenomena and the analytical range of implusive
stress has a definite domain. Therefore, these
analytical methods cannot be applied to wide
impact range.

Thus, in this study, regardless of dimensions of
impact load coefficeient considering density of
plate, collision velocity, dimension of plate stiff-
ness and size of impactor, a new functional
approximation equation of impact loading was
presented to analyze the impulsive stresses at an
impact loading point under any impact condi-
tions.

When the measurement of impact loading is
difficult, the impact loading is obtained by using
the Lagrange’s classical theory and Hertz’s con-
tact theory which consider local deformation by
collision of steel ball and plate. The impact load-
ing obtained above is made into an analyzable
function for an approximate equation. The stress
function and three-dimensional dynamic theory of
elasticity are introduced. To give credit to this
analytical method, the results of measured strain
are compared with numerically calculated solu-
tions of analytical method presented in this study,
and the former agree well with the calculated
solutions.

2. Theoretical Analysis

2.1 Stress analysis

In the case where the center zone of a square
plate(2¢ x 2¢) simply supported at four edges is
subjected to partially distributed impact loading
gof(t) as shown in Fig. |, impulsive stresses
generated at the square plate are to be
analyzed(Yang, 1988). Let orthogonal coordi-
nates(x, vy, z) denote x, v, w of displacement
components, gy, gy, 0. of normal stress compo-
nents and 7y, Txz 7y Of shear strain components
at the center point of the square plate(2¢ x2¢).
The three-dimensional dynamic theory of elastic-
ity is defined as follows (Johnson, 1972):
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Fig. 1 A square plate subjected to partially dis-
tributed impact loading on center(2¢ X 2¢)
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Substitution from the relation equations for
stress-strain and strain-displacement into Eq. (1)
leads to displacement Eq. (2) as follows(Ni,
1985) :

Vit Ge=b %th;
Vot oy Se = 5
Viw+ 1—121/ g_iz% (g‘tzg
e=%+%+% (2)

where (G is the shear elastic modulus.

The displacement components can be obtained
by introducing displacement potential(g,, A;, Az,
As) theory(Nakahara, 1977 ; Achenbach, 1975) to
solve the displacement Eq. (2) as follows :

. 8(00 043 _ 8/12
26u= ox + dy 0z
_ 990 0 _ A
2GU— ay + az (?x
_0po | Ok Ok
26w="3 " o, (3)

To obtain displacement compontents, the solu-
tions of displacement potential can be approxi-
mately given by :
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@0 = P nnCOS AmX COS AnY,
A= dhncoSanxsina,y
Ae=AorSINAnX COS An Y

As= Aynsinamxsina,y 4)
where ¢, TCm—1) a,=TEn=1
2a 2a

(m, n=1,2, )

and @, dhn, d4n A%, are the functions hav-
ing two undetermined coefficients at the general
solutions.

Here, in the absence of the Z-directional rota-
tion, A;=0.

Substitution of Eq. (3) into Eq. (2) yields the
governing wave equations as.

2 _ 1 P 2 L 32/11
Vigo= ct o%> V= ot
1 5A
Vii=—r Tk (5)
where cl-2(l_25) o C:g:_g.

v is the Poisson’s ratio of plate, p is the mass
density of plate, ¢, is the propagation velocity of
longitudinal wave, and ¢, is the propagation
velocity of shear wave.

The use of stress-strain and strain displacement
relation in Eq. (3) came up to the relation-
equations of stress components and displacement
potential as follows :
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Because Eq. (5) are differential equations of the
second order on coordinates(x, y, z) and time(¢),
the ordinary differentional equations of x, y, z
can be obtained by applying the Laplace transfor-
mation to them.
The initial conditions of displacement potential
on a square plate before impact(¢<0) can be

expressed as :

(u> vs w)i=0=0,
<é‘u v 6’w> -0

Ot Ot ot Jio
Equation (8) can be obtained by the Laplace
transformation(Eq. (5)) as follows :

@)

- 2
vei=247, (8)
where gﬁ,,:/o‘wqaoe“"dt, /Tl=£w/he'p‘dt, Az=

[ v

and p is the parameter of Laplace.
Substitution of Eq. (5) into (8) leads to the
following ordinary differentional equations :

dzjrlrm — ¢ 1
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Where general solutions of Eq. (9) can be
defined as:

il

2 Z:ll[ Crexp(Bnnz) + Crexp(— Bmnz)]

COS AnX COS AnY
A= gl gl[Dlexp( Ymnz) + DeeXp(— ¥mnz) ]
COS AmxSinany
Aa= ’g}lg}l[ﬂexp( Ymnz) + E2eXp(— Ymne) ]
sinamxcosany (10)
Here,
Bin—(dt it ). o= (it ai+- L)

and C,, Gy, Dy, Ds, E\, E, are unknown coeffi-
cients to be determined by boundary conditions.
The boundary conditions can be expressed as
follows : (See Fig. 1)
(1) tx=tn=0at Z=—}/2
(upper side of plate)
0:=—qof (YU (c—|xP Ulc—|y])
(ii) Oe=tx=1p=0at Z=hn/2
(lower side of plate) (1)
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where U(c—|x|)X U(c—|y|) denotes the unit
step function.

The Laplace transformation of the Eq. (11)
becomes

(i) 6.=—qof WH(c—|x)H(c—|y),
fxz: sz:() at Z:_h/z
(ll) 027 Txz— fzyzO at Z:h/z (12)

where f(p)zlmf(t)e’“dt

After substituting the general Eq. (10) into the
Eq. (6) and the boundary condition Eq. (12) into
the Eq. (6), we can find the unknown coeffi-
cients(Cy, Co, Dy, D, E1, E»).

However, in the expression for &, the right
hand side term denotes a periodic function and
the left term means a unit step function. Therefor
Fourier cosine transformation can utilized and
the result is as follows:

+ Bi;;exp(%i) C:

— UnfBmneXp(— Bmnz/2) Dy
+ @nBmnexX P — Bmnz/2) D»
+ Brntmexp( — Bmnz/2) Ex
~ Bun@meXp( Bmnz/ 2) E]

dai :
— 0 F () sm(aammc;ns;?(anc) (13)

The acting area(2¢) of partially distributed
loading can converge into zero by making the
right hand side term of Eq. (13) to be a concen-
trated loading. Considering the concentrated
load(F,) acting on the plate(Yang, 1988), the
following can be written :

c? sin(@C)sin(e.C) _ F,
az(amC)(anC) az

Fo=4C%, (14)

lima,

By obtaining a simultaneous equations of the
sixth degree by using the foregoing equation, one
can determine the unknown coefficients((C,, C,,
D\, D,, E. E,). After this, substituting these
equations into Eq. (10) leads to stress-component
equations as follows :
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Additionally, strain-component equations can
be expressed as follows:

Ee= 3 B (— BN CiexplBane)
+ Czexp( - anz)}

- d’m?’mn{EleXp( 7mnz)
— E»exp(— ¥Ymaz)}JcOS@mx cos any

gy glrg}l%[( - a?t){ CleXD( anz)
+ C» eXD( - anz)}

+ an7’mn{El exp (?'mnz)
— Doexp(— Ymnz)} COSAmx COS ARy

g= 3 St 1B Ciexpl B
+ Coexp(— Bmnz)}
+ anym{ Erexp(¥mnz)
— EzeXD( - ‘}’mnz)}

— Un )’mn{Dlexp( 7mnz)
— Dbexp(— Ymnz)}|cOs amxcosany (16)

where the symbol( A) signifies the Laplace trans-
formatiion, andd s, #z denote the sequence of
numbers.

2.2 Analysis of impact load considering the
local deformation

The analytical model of impact loading for the
collision of a ball of mass M with velocity V, on
an infinite plate is shown in Fig. 2.

To simplify the calculation, a circular coordi-
nate is chosen at an ordinary point of impact, and
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Fig. 2 A model for analyzing impact loading

¢t(time) ar contact moment of ball and plate is to
be zero. The magnitude of contact force is F,, and
the function of time variations is f(#).

2.2.1 Displacement of the steel ball

The kinetic equation of the ball is given by

M(d*uo./ dt*) =~ Fof (1) (17

where g, is the shifting volume of the ball, M is
a mass of steel ball and F,f(¢) is impact loading.
The initial condition is as follows when y,(col-
liding moment) is zero is as follows :

(ua)tzo:()a (duo/dt)t=0:Va (18)

The solution can be obtained by integrating
Eq. (17) with the aid of Eq. (18) as follows:

so= Vol — ﬁ;ﬁ'[ﬂmdnds (19)

2.2.2 Displacement of the plate

To obtain the displacement of the plate, the
Lagrange’s kinetic equation of classical plate
theory can be used as follows(Timoshenko and
Gere , 1961):

2
D‘74w+ph%“2i=qo(r, £) (20)

VE=*/ori+1/r « 3/ v,
D=ER/12(1 %)
where g is the displacement of plate, ¢(#, #) is
the uniformly distributed load, E is the elastic

modulus, y is the Poisson’s ratio, p is the density
of plate, and }; is the thickness of plate. By using
the Laplace transformation and Hankel transfor-
mation, one can get

w = cJi(cs)qol sp(Ds*+ ohp?) (21
where u”)zj;wwe“"‘dt, ﬁ):/;mrw]o(sr)dr

Here, the symbol(~) means the Hankel trans-
formation and s is the Hankel transformation
parametar.

Substituting the concentrated loading F, into
uniform loading go(gomc? = For Ji(cs)/cs —
1/2), one obtainbs

= Fof/ 2mp{ Ds* + php?) (22)
Again, by using Hankel-inverse transformation

and Laplace-inverse transformation at the case »
=0, one obtains

(w)r=0=F,t/8J0ohD (23)
where » is a radius of plate.
When the load varies with time, the following
equation is obtained by the composition-law of
Laplace transformation :

(W)r-0=(F/80RD) [ 1(O)dE  (29)

where ¢, —(w),-, 1s the approach distance of the
steel ball and plate.

2.2.3 Nondimensional impact loading

When a ball collides with an infinite plate, the
Hertzian contact theory(Goldsmith, 1960) can be
appllied to the analysis of the impact
loading(Zukas, Theodore, etc., 1976) as follows :

o= (W) r=of Fof ()] k}**

k=4/74/3(81+ 8)

Si=(— VIIE

So=(1-1V3)E,s (25)
where y, is the Possion’s ratio of the ball, £, is
the elastic modulus of the ball, and , is the
radius of the ball.

At the mass point, the kinetic equation is
applied to the ball, and Lagrange’s kinetic equa-
tion of classical plate theory is used on the plate.
By substituting Eqs. (19) and (24) into Eq. (25),
impact loading is analyzed and the following can
be derived(Yang, 1988) in consideration of the
deformation of the ball and plate in contact :
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IP{p(D))P=r— f i f *P(9) dnde
—[P(n)a’.v (26)

where [P denotes the impact loading coefficient
as given by

-y G )

_8D _ G
r=mc, b AO=spy, Fe )

(:b:=1 /'éigg

where p(r) is the non-dimensional impact load-
ing, M is the mass of steel ball, V, is the colliding
velocity of steel ball, £ is the Hertzian contact
coefficient, D is the flexural rigid coefficient of
plate, and p is the density of plate.

2.3 Functional approximation analyses of

implusive stresses
Impact loading Eq. (26) cannot be solved ana-

lytically due to nonlinear integral equation. If the
impact loading can be approximated to the anal-
yzable functions, impulsive stresses can be anal-
yzed. Therefore, in this study, to analyze impul-
sive stress over ranges of all impact conditions, a
new method is proposed in proportion to dimen-
sions of impact loading coefficients.

Impact loading obtained by approximate Eq.
(26) with the forward difference method should
correspond with the peak of approximate load
obtained by the approximate equation proposed,
and the initial rising point of the impulsive wave
is approximated by the method of least squares as
equal as possible. Also, it is proposed that the
impulse of two loads should be in accord.

23.1 The case where the impact loading

parameter, /P, is below 0.2750

In this study within the range of /P 0.03—0.
2750 the functional approximate equation of
impact loading is suggested by the equation
below in order to analyze impulsive stresses at an
acting point of impact loading, and it is proposed
that impact loading f(¢) is working as in Fig.
3(a).

f(t)——‘[Atexp(—wt):OstSto Q27
0 t>t

1)

e to t

(a) (IP<0.3075)

t(t)

w/c to 1

(b) (IP=0.1~0.275)

1(t)

nsc e e t

(o) (IP>2)

Fig. 3 Load-time curve

The available range of load, £(¢) is as follows :

f(t)=Atexp(—wt) « U(2)
s Ulr/w—1t) (28)

Also, to use impulsive stress analysis, the La-
place transformation of Eq. (28) becomes

7 (=2l —exp{ = x4 pl )]

_ Arexp{zr(1+p/w)}
w(w+p) (29)

By substituting Eq. (29) into the Laplace trans-
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formation equations of Eq. (11) at upper and
lower sides of plate, undetermined coefficients are
decided, and by applying with the Laplace inverse
transformation, impulsive stresses can be anal-
yzed at an acting point of concentrated impact
loading.

Especially in the case of impact problems
within the range of /P, 0.1—-0.2750, the func-
tional approximate equation of impact loading is
suggested as follows :

— 1— 0t <,
f(”:[glexp( B{1—exp(Ct)} : t\)i ¢
(30)

It is suggested that impact loading 7(¢) of Eq.
(30) is working as shown in Fig. 3(b) within the
range of [J(¢)« U(x/c—t). The Laplace transfor-
mation of the Eq. (30) becomes

) A
f(p)*(cszchs . C)[C
+{—(cs+ C+ csexp(— C)}
exp{—(cs)m/c}] (31)
where cs=p+ B.
2.3.2 The case where the impact loading
parameter, /P, is over 0.2750
In the case where JP is over 0.2750, the func-

tional approximate equation of impact loading is
as follows :

f',t):[Aexp( ~ Bt)sinCt : 0< ¢t < ¢,
‘ 0 >t
This impact loading is working as shown in
Fig. 3(c) with the above conditions.
When impact loading, f(¢) is working within
the range of U(#)x U(x/c—1t), application of
the Laplace Transformation gives

(32)

T = cylew
{(C—es)x/CH+1] (33)

3. Numerical Calculation

In this study, the related equations of strain and
stress components in the Laplace transformation
region, which are analyzed by the three-
dimensional dynamic theory of elasticity in Chap-
ter 2.1, are found by the inverse Laplace transfor-

mation, and impulsive stresses are analyzed. But
the inverse Laplace transformation is difficult
under the three-dimensional dynamic theory of
elasticity. Thus, by using F. F. T. such as the
equation below(Ujihash, Adachi, Inoue and
Matsumoto, 1986), impulsive stresses are analyzed
by the numerical inverse Laplace transformation :

($os A Az)k:ﬂm%@afg

n=0
(50; /Tl» /TZ)n
Xexp(i2ank/N)

(=0, 1,2, s , N—1) . (34)

where (¢o, A1, A =(dor A1 A2)e=n * s (Pos A1
Az)n=(¢m A /lz)ﬂ:r+tnd(t) and Z:J:T Y is the
real part and @ is the imaginary part of the
Laplace transformation parameter, N is number
and 7 is time of the sample subdivision, and {=
T/N, do=2x/T and y>0. Also. to improve
precision of calculation it is proposed that the
nondimensional length is x/}, and the nondimen-
sional time is (¢;/4)¢. On applying numerical
calculation, a variable, y of Eq. (34) is used as 6/
T(Krings and Waller, 1979).

4. Experimental Apparatus and
Method

4.1 Experimental apparatus

In this experiment, to shoot with required
velocity, a horizontal-air-pressure impact testing
apparatus(manufactured by V. TEK Corp.),
whose schematic diagram is shown in Fig. 4(b)
was used. Also, Fig. 4 (a) shows a low velocity
impact testing apparatus utilized in this research.
By using an electromagnetic holder, a steel ball
can be made to fall by using a switch.

4.2 Experimental method

Glasses used in this experiment are square
plates 300 mm long on each side. Bi-axial strain
gauges adhere to the center of the glass plate, and
when measured strain g, is equal to ¢, by impact-
ing on the opposite side, it is assumed that a ball
collides on the center of a square plate.

Specimens are simply supported, strain is mea-
sured within the range before the glass plate
breaks. Also, material constants using numerical
calculation are obtained by the three point bend-
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Shooting unit
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protection -——|—-
box 2

=
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| : 2

Compressor Valve
unit stand

=
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Laser
spark speed _l
camera| | orC
system

Impact tester

(b)
|. V. TEK Helium-neon Laser
2. V. TEK(Pressure : 10 kg/cm?)
3. V. TEK(V pax= 100 m/sec)

Fig. 4 (a) Horizontal type impact testing apparatus

(b) The schmatic diagram of horizontal type
impact testing apparatus(manufactured
by V. TEK. Corp)

ing test, which shows that the longitudinal elastic
modulus, E is 67.6 Gpa and the Poisson’s ratio p
is 0.22.

5. Comparison of Experimental
Results and Theoretical Solutions

In this chapter, to give credit to the analytical
methods of implusive stesses which use the three-
dimensional dynamic theory of elasticity and
functional approximate equation of impact load-
ing proposed in this study, the calculated results
of the numerical inverse Laplace transformation
of strain Eq. (27) are compared with the results of
the measuring strain at an acting point of concen-
trated impact loading.

5.1 The case where the impact loading

parameter, /P, is below 0.2750
As in the case of Fig. 5 where a steel ball 15

x10°
4.0 T T T
~= — : Experimental result
—— : f{t) = At exp(-wt)
== 1(t)=A exp{-Bt) (1-exp(-Ct))
3.0
’E /‘\
-
N
g 2.0 l / N
o | N
e N
' 1.0 AN
. .
K \\
\ ~L ]
0 p . _AAAVAV Av VV’
-0.5 l l
[v] 100 200 300 400
t(usec)
Fig. 5 Comparision of analytical solutions with

experimental results of variation with time of
strain at an impact point(r,=7.5 mm, h=2
mm, v,=4.5 m/sec, IP=0.0398)

mm in diameter with a velocity of 4.5 m/sec
impacts on a plate 2 mm thick, Fig. 6 shows how
a steel ball 20 mm in diameter with a velocity of
7 m/sec impacts on a plate 5 mm thick, and exper-
imental and numerical calculated results of strain
are compared.

At Figs. 5 and 6, solid lines show numerically
calculated solutions obtained by using f(¢)=At
exp(— wt), the functional approximate equation
of impact loading, which is newly proposed in
this study, one-dotted chain lines indicate f(¢)=
Aexp(— Bt) sinCt and two-dotted chain lines f
(t)=Aexp(— Bt)(1—exp(— Ct)). Dotted lines
show measurements of experimental results of
strain.

Also, in the case of /P=0.0398, the approxi-
mate equation(f(#)= Aexp(— Bt) sinCt) cannot
be applied, and for the time with the application
of the approximate equation f(f)=Afexp
(— wt), the errors(about 12.5%) occur between
strain peak value(3.017 x 107%) and experimental
results (2.64x107%) ; also time(56.25 pusec, 52 y
sec) from O to peak points is approximate to that
of expermental results.

Therefore, in the case of [P=0.0398 it was
found that the functional approximate equation, f
()= Atexp(— wt), was appropriate.

In the case of /P=0.2750, Fig. 6 shows that all
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x107°
4.0
I I I
= - : Experimental resuit
- f(t) = At exp(-wt)
a0l _ —-—:f(t)=A exp(~Bt)sinCt

e (1) =A exp(~Bt) (1~ exp(-Ct)) |

e (Strain)

0 100 200 300 400
t(usec)

Comparision of analytical solutions with
experimental results of variation with time of
strain at an impact point(r,=10mm, h=5
mm, v,=7 m/sec, IP=0.2750)

peak points are almost approximate to 3.15x 1073
when the above three approximate equations are
used, and the errors(approximately 15%) occur as
the measuring strain value(2.7 x 107®) is compar-
ed with theoretical analytical results. Therefore, it
was found that the above three approximate equa-
tions were all applicable to this experimentation.

However, there is a slight difference between
analytical and experimental results ; firstly, exper-
imental results appear lower than analytical solu-
tions due to the average value of various points
corresponding to any area of the strain gauges in
the experiments contrary to the value of one point
in analyses, and secondly, because the steel ball
cannot fall at an exact point on the opposite side
of the gauges which adhered to the plate in the
experiment, anaytical solutions are considerably
larger than experimental results. Thus it is
thought that our methods come to an almost
agreement with the practical phenomena given the
above errors.

52 The case where the impact loading

parameter, /P, is over 0.2750

As in the case of Fig. 7 which shows a steel ball
20mm in diameter with a velocity of 5 m/sec
impacts on a plate 5 mm thick, Fig. 8 shows how
a steel ball 5 mm in diameter with a velocity of 70
m/sec impacts on a plate 3 mm thick, and numeri-

-3

x10
3.0 T I
— = : Experimental result
—: f{1) = At exp(-wt)
——: f{t)=A exp(-Bt} sinCt
2.0 -\
"
-~ \
EONITA\
[ | \
R R\
9 yofj— \
q | s
] l\
\ \f"
N ~
0 = e
e —
-0 100 200 300 400
t(usec)
Fig. 7 Comparision of analytical solutions with

experimental results of variation with time of
strain at an impact point(r,=10mm, h=>35
mm, v,=5 m/sec, IP=0.3075)

16.0 T

«=«=: Experimental result
i {{t) = At exp(-wt)
—.—: f{t)= A exp(~Bt) sinCt

e (Strain)

30 60 90 120
t(usec)

Fig. 8 Comparision of analytical solutions with
experimental results of variation with time of
strain at an impact point(r,=2.5 mm, h=3
mm, v,=70 m/sec, [IP=2.3613)

cal calculated and experimental
compared.

In comparing the application of f(¢)=Atexp
(— wt) with that of f(¢)= Aexp(— Bt)sinCt on
IP, 0.3075, as shown in Fig. 7, errors of approxi-
mately 0.6%(difference of peak points of strain 2.
212x107% and 2.2256x1073) occur, and the
errors(approximately 14%) occur at 1.8x10-3

results are
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peak points of measuring strain. Also, the time on
the peak points of strain waves appears at 28.12 »
sec, 31.24 usec, 28 usec in that order, and in the
case of f(¢)=Aexp(— Bf)sinCt it shows that
errors of appoximately 10%, difference to practi-
cal phenomena at peak points formed. Thus, in
the case of [P=0.3075, the two approximate
equations above are both applied ; it shows that f
(t)=Aexp(— wt) is more appropriate.

In the case of /P=2.3613 by using approxmiate
equations f(¢)=Aexp(—wt) and f(#)=Aexp
(—Bt)sinCt strain peak points of numerical
calculated solutions are 1.192 x 1073 and 1.368 x
1073 in each and the difference of the two is
approximately 14%. When compared with the
expermental results, the error of the former is 34.
5% and that of the latter is 25%. When compared
with only strain peak point, it has been found that
the approximate equation of the latter is more
approximate. And when compared with time(3.12
psec, 5.47 usec) from the ordinary point to peak
points it has been found that the former is more
approximate.

x16°
15.0
120
& 9.0
[
&
&
g
Ay
v 60
3.0
€ © : Experimental result
56 : f{t)=At exp(-wt)
-t f{t)= A exp(-Bt)sinCt
) { 1
o] 30 60 90

Va(m/sec)

Fig. 9 Variation of max. strain by the impact
velocity(r,=2.5 mm, h=3 mm)

Therefore in the case where IP is over 0.3075,
by multiplying 7(¢#)=Aexp(— Bt)sinCt by the
compensatory factor 0.85 it has been found that
the approximate equation is approximate to the
practical phenomena. When a steel ball 5 mm in
diameter with a velocity of 25 m/sec, 40 m/sec,
and 70 m/sec impacts on a plate 5 mm thick, Fig.
9 exhibits the results of numerical calculation and
measured strain along the impact velocity. Name-
ly, in a high-velocity case as shown in Fig. 9 and
in the case where the dimension of the steel ball
sphere and thinkness of the plate are constant,
experimental results obtained lower than analyti-
cal solutions because instrumental response could
not be determined as colliding velocity became
faster ; and it was thought that the values of the
impact load are overestimated in comparison to
practical phenomena.

Therefore, considering the above reason, it is
thought that errors between analytical and exper-
imaental results are approximate. In the case
where [P is over 0.3075, to analyze impulsive
stresses, this approximate equation can be recom-
mened : f(¢)=0.85Aexp(— Bt) sinCt, which is
multiplied by the compensative factor 0.85.

6. Conclusions

The functional approximation equation of
impact loading should be reformulated for the
purpose of analyzing impulsive stresses at an
acting point of concentrated impact load of plate
under any impact conditions.

The results obtained from this study are as
follows :

(1) Impulsive stresses cannot be analyzed directly
under an acting point of concentrated impact
loading in classical plate theory of plate, but can
be successfully analyzed by using the 3-
dimensional dynamic theory of elasticity.

(2) The functional approximation equation of
impact loading, newly proposed as f(#)=Atexp
(— wt), seems to be most approximate to the case
when JP is below 0.3075,

(3) The functional approximation equation of
impact loading, £(¢)=0.85Aexp(— Bf)sinCt,
seems to be most approximate to the case when
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IP is over 2

(4) Within the [P range of 0.2—0.2750, it is
noted that the three functional approximation
equations of impact loading, f(¢)=Atexp
(—wt), f(#)=Aexp(—Bt), and f(t)=Aexp
(~ Bi){1—exp( -~ C#)}, can all be applied. The
larger IP is the more quickly the peak time
appears compared with that of practical phenom-
ena.
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